Optical absorption and fluorescence line shapes of molecular aggregates are calculated using a variational method and the dynamical coherent potential approximation (DCPA) which account for strong exciton-phonon coupling. The formation and the quantum size effects of excitonic polarons are studied.
INTRODUCTION
The study of the interaction of an electron or an exciton with lattice vibrations has a long history.',* Self-trapping of an electron (electronic polaron3-5) in deformable lattice and of a phonon-dressed exciton6 (excitonic polaron) has been studied in various classes of materials, including quasi-onedimensional molecular crystals and conducting polymers. The current understanding of these phenomena have been reviewed in Refs. 7-13. Theoretical modeling of polarons requires a nonperturbative treatment of the interaction between electrons or excitons with optical and acoustic phonons. Over the years, both static and dynamical aspects of the problem have been studied extensively. The static studies involve the ground state wave function and energy of the coupled exciton-phonon system. These studies led to the distinction between large and small polarons.3v5*6* '"22 Dynamical studies involve electron, exciton, or energy transport, resulting in the concept of phonon-assisted hopping for small polarons4*23 and Davydov's' soliton solution of a cubic nonlinear SchrGdinger equation for a quasi-one-dimensional molecular chain. The exciton transport and the soliton dynamics in one-dimensional molecular chains were studied extensively.2"30 Turkevich and Holstein3' have studied the excited-state spectrum of the coupled electron-phonon system using the Born-Oppenheimer adiabatic approximation for the molecular vibrational energy levels. The properties of the coupled exciton-phonon system can be probed optically, using absorption and emission spectroscopy. Sumi3* and Abe33 have calculated the absorption and emission spectra of excitonic polarons using a self-consistent Green's function technique, the dynamical coherent potential approximation (DCPA).
The main difficulty of the polaron problem is in the region of strong exciton-phonon coupling in which the lattice relaxation energy is comparable with the exciton bandwidth. In this region, the polaron problem cannot be treated perturbatively. Variational techniques are commonly used for calculating the polaron ground state. In a typical coupled exciton-phonon system, the total number of excitons and the total (exciton +-phonon) momentum are conserved, as pointed out by Merrifield" and the trial wave functions used for the polaron ground state and soliton dynamics. Most studies for the energy states and the optical spectra of excitonic polarons were carried out either for infinite molecular crystals,20~2' or for very small aggregates, say, dimers3"36 and trimers. 36'37 In this paper we study the exciton-phonon interactions in large molecular aggregates, and examine the effects of the aggregates size38 on their energies and optical spectra. We calculate the energy levels and oscillator strengths for linear molecular aggregates of size N varying from N= 2 to N = 80. Our study is carried out using two methods: a variational method which utilizes the total (exciton + phonon) momentum conservation, and the DCPA.'7*"2.33 The conservation of the total momentum implies that all eigenstates of the coupled exciton-phonon system are electronically delocalized. We specialize to the Einstein (i.e., dispersionless) phonon model. We find that the energy of the lowest polaron state increases with the size N of the molecular aggregates. We also find that the zero-momentum phonon mode is decoupled from the rest of the phonon modes and exciton states. For large polarons this decoupling leads to a Poisson distribution of shift -S/N for both absorption and fluorescence spectra; i.e., the Stokes shift between the absorption and fluorescence spectra is inversely proportional to the size N of the molecular aggregates. Here S is the ratio of the lattice relaxation energy to the phonon energy. This result implies that, by reducing the size of a given molecular aggregate, one can observe a larger Stokes shift. For small polarons the Stokes shift is independent of the size N. The variational and the DCPA calculations are in qualitative agreement.
The organization of the paper is as follows. In Sec. II we demonstrate that the Hilbert space of the one-exciton states of an N-molecule aggregate can be partitioned into N subspaces, differing by the total (exciton + phonon) momentum. This decomposition is applied in Sec. III to the Einstein phonon model. We also show in Sec. III the separation of the zero-momentum phonon mode from the rest of the phonon modes and exciton states. In Sec. IV we develop a variational method for calculating the lowest state in each of the IV momentum subspaces. In Sec. V we show how the DCPA can be used to calculate the absorption and emission spectra of molecular aggregates. In Sec. VI we calculate the fluorescence spectrum originating from the lowest one-exciton state by using the variational method and the DCPA. For small aggregates the calculations are also compared with an exact (matrix diagonalization) calculation. Using the N lowest states for the N momentum subspaces obtained in Sec. IV, we construct in Sec. VII a complete basis set, which approximately diagonalizes the Hamiltonian for one-exciton states. In Sec. VIII we calculate the absorption spectrum for optical transitions between zero-and one-exciton states using the variational method and the DCPA. The calculations are also compared with an exact calculation. Finally, we summarize our results in Sec. IX.
II. THE EXCITON-PHONON HAMILTONIAN
We consider a cyclic, one-dimensional aggregate of N coupled molecules. Each molecule is assumed to have two electronic levels and a single intramolecular vibration. The exciton-phonon interaction is taken to be linear in the phonon coordinate. We adopt the Friihlich Hamiltonian' for the coupled exciton-phonon system, H = Hex + Hph + Hint 9 (2.la)
Here He, is the Hamiltonian for a single Frenkel exciton band in a perfect rigid chain, and ak (a: ) is the Pauli annihilation (creation) operator ofan exciton with momentum k and energy E(k), which satisfy the commutation relation akaLe + a:'ak =6,,, + hkate (1 -akks) ; HP,, is the phonon Hamiltonian, b, (bl) is the boson annihilation (creation) operator of a phonon with momentum q and frequency w9, with the commutation relation [b4, b $ ] = s,, ; Hi,, is the phonon-exciton interaction, and H.c. stands for Hermitian conjugate. al is related to the Pauli creation operator a: at site n by the relation eR"k" 'NuL, k = 0, 1, 2 , ..., 2)
The eigenstates of Hph will be denoted lm) G Im,, m ,,..., mN-, ) with the eigenvalues Zyzdtiq (m, + t), where m, is the occupation number of the qth phonon mode.
The total exciton-number operator commutes with the total Hamiltonian H is the phonon-momentum operator. Thus the Hamiltonian
Hconserves the total number of excitons and the total (exciton + phonon) momentum. We can therefore study the exciton-phonon interaction for a fixed number of excitons and a given total momentum. In this paper we study the optical spectra corresponding to transitions between the zero-and the one-exciton states. There is only one independent zero-exciton state; the exciton-vacuum state IO,, ), uk IO,, ) = a, IO,, ) = 0 for all k and n values. Since (O,, ]H IO,,) = Hph, the zero-exciton Hamiltonian is simply given by H, = PeMph (Rx I.
(2.6)
The eigenstates for Hg are given by the direct product of the exciton and phonon states, i.e., lO,,;m) = IO,,) Im). The ground state of Hg , and consequently that of the entire exciton-phonon system, is IO,, ) IO) with the zero-point energy @8: 1 A w, , where IO) is the phonon vacuum state, b, IO) = 0 for all q.
There are N independent one-exciton states. They can be chosen to be either N localized one-exciton states In) (n = 1,2,...,N), where In) represents the state with a single excitation at site n, or N delocalized one-exciton states Rffkn'Nln), k=O,l,..., N-1. (2.7)
A delocalized state Ik ) has the periodicity of N, Ik ) = Ik + 1N) for any integer I; we therefore restrict k in the range of O<k<N -1. Different delocalized states are orthogonal, (k ' 1 k ) = Sk 'k . In thedelocalized basis, theexciton operators can be written as uk = IO,, ) (k 1 and ui = Ik ) (O,, I. Thus the one-exciton Hamiltonian is obtained from Eqs. (2.1) as He = ;z;E(k)lk)(k/ + ;z;h9(b:b9
where we have used the closure .relation 8::: I k ) (k I = 1 for the one-exciton states. The exciton-phonon interaction Hi", couples a state Ik;m)=Ik;m,,m,,m, ,..., mN-,) to the states m, , m, , m, ,  ) and Ik + 4;mo,mI,m2,..., m, -l,..., mN _ , ). That is to say, when the phonon number in mode q is increased (decreased) by 1, the exciton momentum k is decreased (increased) by q, from k to k -q (k + q) . Starting from a phonon-vacuum state (k;O), Hi"t will couple it only to states which conserve the total (exciton + phonon) momentum, i.e., to the states Ik -2rz;qm9;m).
We denote kzk -By:;qm9. All the states I k -Z$'z,'qm,;m) = Ik;m) therefore form a closed subspace, where k is the total (exciton + phonon) momentum. There are Nsuch momentum subspaces, corresponding to k = 0,1,2,...,N -1. It should be pointed out that the N momentum subspaces are complete for the one-exciton states, and any one-exciton state belongs to one of N subspaces. Moreover, for a given choice of mr{m,, Any state within the k th subspace, including the eigenstates of the Hamiltonian Hk , is of the form When the exciton-phonon coupling parameter il (k,O) is independent of the exciton momentum k, the zeroth phonon mode is decoupled from the other phonon modes and exciton states in the one-exciton case, as can be seen from Eqs. (2.8) and (2.9). As this is indeed the case for the Einstein phonons [see Bq. (3.4b ) 1, we can partition H, as H, =H'+H", (3.5) with H'= NTIE(k)Ik)(kI+hwo Nf '(b:bq++) k=O q=l
then it is also an eigenstate of one-exciton Hamiltonian H, with the same eigenvalue E (k). We note that the aggregate eigenstates represent a delocalized excitonic state, since the probability of electronic excitation at site n is -+h) 'N c c (bf,lk-q) The exciton bandwidth is 2Bciw,. The quantities wq and A(k,q) do not depend on the momenta k and q for the present model. 20) it then follows from Eqs. (3.9), (3.16), and (3.20) that the Hamiltonian HA for the k th subspace has eigenstates lack)) I j ). with eigenvalues Eck) = g(k) + &so (.so + SN +j -S,), i.e., H, lack)) I j 10
It is easy to see that the state IQck)) I j ). is also an eigenstate of the one-exciton Hamiltonian He. Equation (3.20) may be solved numerically using a finite basis set. Diagonalizing the Hamiltonian Hi is considerably easier than diagonalizing the one-exciton Hamiltonian He. The basis size needed for the matrix diagonalization reduces from NMN to MN -' if we take the first M phononnumber states for each phonon mode b,, or to an even smaller basis size if we choose phonon-number states according to the restriction Zf:,'m, <I. As the size N of the molecular aggregates increases, the necessary basis size increases dramatically, making it impossible to diagonalize the huge matrix for the Hamiltonian H ;. Thus an alternative way must be sought. In the next two sections we outline two techniques. A variational procedure and a self-consistent Green's function procedure based on the dynamical coherent potential approximation (DCPA). We next apply these techniques to calculate the absorption and the fluorescence lineshapes of molecular aggregates.
IV. VARIATIONAL METHOD: THE LOWEST STATE OF EACH MOMENTUM SUBSPACE
A possible state of collective excitations is given by a multimode coherent state. We denote I {c,k 1) as the N-mode coherent state, produced by the action of a set of displacement operators on the phonon vacuum state,
In Eq. (4.1) c&N and cqk are, respectively, the total and relative displacements of the qth phonon mode for the k th subspace. Equation (4.1) does not have a well defined momentum and therefore does not exploit the full symmetry of the system as shown in Eq. (2.4). To correct this we postulate a variational trial state I Yi"') of the form of Eq. (2.10) with the coefficients
Equation ( (4.6) which implies that the zeroth phonon mode is always in a coherent state lil,),, independent of the values of the parameters B, S, and N. This reduces both the number of unknown cqk for each momentum subspace and the number of the coupled equations to N -1. The result (4.6) is in agreement with our previous result in Sec. III.
For B > 0 (e.g., in molecular Jaggregates-*), the bottom of the exciton band is at k = 0 in the absence of the exciton-phonon coupling (/2 = 0). In the presence of the exciton-phonon coupling (/2 #O), the lowest state among all HA is that of Hk = o .' Making use of Eqs. (4.4), we can show that, if cqk = a4 (q=O,1,2 ,..., N-1) areaset ofsolutions for a given k value, then cN _ q, _ k = a, are also a set of solutions for -k. Namely we have the relations In the remainder of this section we shall focus on the zero-momentum subspace (k = 0), since I YA")) is the lowest one-exciton state. Substitution of Eqs. (4.9) into Eqs. Thus the number of equations to be solved is reduced from N to -N/2. It is easy to see that, when B> 0, the possible 0 values for ego are bound between 0 and 1, i.e., 0 < c+, < 1. In the infinite aggregate limit (N-03 ), we treat the relative displacements c+,'s as a continuous function of phonon momentum q and thus replace the summation in Eq. where 77 needs to be determined self-consistently from a nonlinear equation S I (1 + ~Bv)~'* * Even without solving Eq. (4.13 ) numerically, we can determine the range of the parameter 7. First, it is easy to see that 0 < r] < 1. Then, since the right-hand side of Eq. (4.13) increases monotonically for increasing ~7 as illustrated in Fig.  1 , we find that exp( -S) <v-c exp S I (1 +2B) 3'2 ' 1592 N. Lu and S. Mukamei: Polaron and size effects in optical line shapes (4.14)
The energy of the lowest one-exciton state is found after substituting Eqs. (4.12) into Eq. (4. IO), 1-t 3B7j (1 + 2B~,7)~'* --7 , I (4.15) which tends to the value ti, ( l 0 + jN -S) when r] approaches zero. Equation (4.13 ) may have one solution within the range of Eq. (4.14)) which gives the minimum value of the energy E A". Equation (4.13) may also have three solutions ~7, < v2 < v3 for larger values of S and B. In this case, the smallest (7,) and the largest (TV) solutions lead to two minima of the total energy, whereas the intermediate solution v2 gives a maximum value of the total energy. c+ are close to 1, and this situation is usually denoted a small-polaron ( localized2') state. Note that the state is electronically delocalized and all sites have the same probability ( l/N) of electronic excitation, as shown in Eq. (2.11). We therefore denote this state a large-phonon-displacement (LPD) state. Corresponding to r],, most of the cti (except a few c@ with q close to 0 and to N) are C~ < 1 when B) 1 and ~7s -1. This is usually denoted a large-polaron (delocalized") state. We shall denote it a small-phonon-displacement (SPD) state. Whether we should choose vi or v3 depends on which one of them gives lower energy ,JZhop' when substituted in Eq. (4.15). We found that, when B>S, 73 leads to a lower energy than 7, does, and the lowest oneexciton state is an SPD state. When B < S, the situation is reversed; i.e., the lowest one-exciton state is an LPD state. For finite-size aggregates, we need to solve Eqs. (4.11) numerically to find the minimum value of EA"' [see Eq. (4.10)]. The situation is similar to that discussed above; Namely we may find several sets of solutions for the relative displacements c+,-, and we need to choose one set of cpo which gives the global minimum of E $". We plot such a set of cfl in Fig. 2 for the case of B = 10 and S = 10 with N = 2, 3, 10, and 40. The resulting values of c+, show that, for each of N values, the polaron state is an SPD state (i.e., a large -POlaron state), since, except a few c@ with q/Nclose to 0 or to 1, most c& are small so that c$ Q 1. We note that all C~'S for different aggregate sizes, including those for dimer and ttimer, fall on a single smooth curve. This implies that the expression (4.12) for large Ngives a very good estimate even for aggregate size as small as N = 2. We plot Eq. (4.12) for several sets of B and S values in Fig. 3 , which shows the dramatic difference between an SPD (large-polaron) state and an LPD (small-polaron) state. For the LPD states, all cfl z 1; For the SPD states, c$ < 1 for most phonon modes except those with q/N close to 0 or to 1. In the LPD state with Br] < 1, we have from Eq. (4.12)) c& = 1 -4B7 sin'( rq/N), which is only weakly dependent on the phonon momentum q. By neglecting the dependence of the relative displacements c& on q, we can obtain, from Eq. The effective mass m* increases with the lattice relaxation energy S as es for large enough S value, since 7 = 77, z e -'. For such a LPD state, we have a very large effective mass for the phonon-dressed exciton, resulting in a very small electron mobility.
Assuming that for a given k value, all cqk are identical (', DCPA; recently, Abe33 has extended the DCPA to two-particle Green's function by applying Velicky's44 formula for the two-particle Green's function in the static CPA. The Green's function technique allows us to calculate directly the experimental observables such as optical lineshapes without calculating the eigenvalues and eigenstates of the system. We review the DCPA in this section. At zero temperature ( T = 0), the absorption spectrum of the molecular aggregates can be expressed in terms of the Green's Figs. 2 and 3 . Consequently, the energy of the lowest one-exciton state given by Toyozawa, determined by Eqs. (4.17) and (4.22), is higher than that given by Eqs. (4.10) and (4.11) . Our numerical calculations for EAoP' have confirmed this conclusion. Recall that we have c+ =: 1 for all q in the case of a LPD state. Thus the trial state proposed by Toyozawa is adequate for the LPD states, but not for the SPD states.
V. THE DYNAMICAL COHERENT POTENTIAL APPROXIMATION
The optical spectra of molecular aggregates can be calculated by using the DCPA, which is an extension of the static coherent potential approximation (static CPA) for disordered electronic systems. Sumi'7*32 extended the static CPA to calculate the one-particle Green's function43 in the where
is the Green's function for the Hamiltonian H, -;Nti,, z = w + ir, and y is the relaxation rate of the one-exciton states. At any finite temperature ( T #O), the absorption spectrum cannot be expressed in terms of a single Green's function for the one-exciton Hamiltonian; rather it can only be expressed as an infinite summation of Green's functions involving H,.
The DCPA of Sumi replaces the phonon-state averaged Green's function (01 G, (z) IO) by an effective Green's function G,, (z) which neglects correlated scatterings among different sites (molecules), (We(z) IO> zz is the effective exciton Hamiltonian, and u(z) is the coherent potential which depends on the (complex) energy z but not on the exciton momentum k. The coherent potential u is chosen in such a way that the multiple scattering at each single molecule vanishes on the average. At zero temperature T = 0, v(z) is calculated from the following self-consistent equation:
is a diagonal element of the effective Green's function in the localized electronic basis and is independent of the chosen site n. One sees from Eq. ( Here the ( j ,I) elements ( j ,I>O) of matrices x and A are defined as Xj,(z,,z:) = Aj-l(z, -l~,,z,* -I@,) and Rj,(z,,zf) = S,,R (z, -iw,,,.$' -la-,). Aj (z,,zF) is the averaged product of the two t-matrix operators on the same site, and is given by tj (z,;o)fj (z:;o), j >O j ~0.
(5.12)
Thus the matrix x is a lower triangular matrix, and so is 1 -Rx. In Eq. (5.12) the t matrices are given by
The energy of the lowest one-exciton state can also be determined by using the DCPA; it is the energy of the absorption peak with the lowest energy. At zero temperature ( T = 0), the steady-state fluorescence spectrum may be expressed in terms of a two-particle where wi is the frequency of the exciting electromagnetic field, z, = w, + iy, and w is the emission frequency. The averaged two-particle Green's function (i.e., the average of a product of two Green's functions) can be calculated by using Velicky's The coherent potential has the property v(z* ) = v*(z), which leads to a similar property for several other quantities, G,,(Z), G(Z), g(z), F(Z), Dj (z;(J) 0' =O,*,W,...),and t j (z;O) (j = 0,1,2,...). These properties are helpful in calculating the fluorescence spectrum. In the fluorescence calculations presented below, we found it sufficient to take the size of the matrices x and R to be -3s.
VI. THE FLUORESCENCE SPECTRUM
The energy and wave function of the lowest one-exciton state, analyzed in Sec. IV, can be probed experimentally by the fluorescence spectrum from the one-exciton to the zeroexciton states. The fluorescence spectrum of a system driven by a weak, monochromatic electromagnetic field is given -S, ) + ZCA"/fi is the frequency difference between the lowest one-exciton state I@h") IO), and the ground state ]O,,;O) of the whole exciton-phonon system. Because of the selection rules (6.9), there is no contribution from I = 1 term in Eq. (6.10a). We see from Eq. (6.10a) that, for each I value, the peaks of the fluorescence spectrum constitute a Poisson distribution with a redshift (S, + I )wo and a weight 2,, IA ,$'I'. The envelope of the total fluorescence spectrum is the sum of all individual Poisson envelopes, thus the total (red) Stokes shift is larger than I S,w,. If only the sum for I = 0 gives a larger weight, which is indeed the case for the SPD (large polaron) states, then the fluorescence spectrum has a Poisson profile with a red shift S,w,.
As discussed in Sec. IV, the variational method gives the probability amplitude (6.14) and diagonalized a banded 1081 x 1081 matrix. For B = 5, S = 10 [ Fig. 4(d) 1, we chose I = 30 and solved the eigenvalue problem of a banded 496 X 496 matrix. Equation (6.14) is somewhat different from Eq. (6.9a). For each j value, there always exists one set of m satisfying the constraints (6.9b) and (6.14), m,=j and m,=m,=+*+ =mN-, --0. For the first two emission components j = 0 andj = 1, they are the only set of m satisfying the conditions (6.9b) and (6.14)) and consequently the weights of the emission peaks are Equation (6.16b) is valid in the N-CO limit, since we have used Eq. (4.12). As the number N of the molecules in the aggregate increases to infinity, the intensity ratio W,: W, approaches a constant value [given by (6.16b) 1, whereas the ratio W,,: W, increases linearly with N. We display in Fig. 4 the fluorescence spectra of dimers (N = 2) and trimers (N = 3) using the variational method and the DCPA. The results are compared with an exact (matrix diagonalization) calculation. We choose the same four sets of parameters B and S as in Fig. 3 . For a dimer, the Hamiltonian HA appears in the form of a banded, symmetric matrix with only one codiagonal."4 Thus the matrix diagonalization for the dimer is very simple. We took the size of the matrix to be 75 X 75 for the dimer. For a trimer, by arranging the basis set in order of increasing sum phonon number (m, + m2), the matrix expression of Hk is a banded, symmetric matrix with I codiagonals if we choose all bases satisfying m, + m,<l.
The size of such a matrix is (I+ l)(l+2)/2x(f+ l)(Z+2)/2.Inordertoobtainthe correct j th emission component, one has to have I> j at least. To obtain an accurate fluorescence spectrum, one needs to take I > 2S. In the small-polaron region in which the Stokes shift is large, it is better to take a larger 1 value. For the calculations presented in this paper, we chose I = 25 for B=20, S<lO [ Fig. 4(a) ] and for B= 10, S= 10 [ Fig.  4(b) 1, and the size of the corresponding matrices was 35lx35l.ForB=20,S=20 [Fig.4(c) ],wechosef=45
Figure 4(a) is for B = 20 and S = 10, for which the lowest one-exciton state I@;") is a SPD (large-polaron) state for both dimer and trimer. The fluorescence spectrum predicted by the variational method is indistinguishable from that predicted by the exact method (the two differ by only -1% at j = 5 and j = 4 for the dimer and at j = 3 for the trimer); each of them has the highest emission peaks at both j = 5 and j = 4 components for the dimer and at j = 3 for the trimer. Thus the fluorescence spectra satisfy the Poisson distribution pj (S, ), which peaks at j = SN and j=S,-lifS,isaninteger,oratj=[S,]ifS,isnotan integer. The fluorescence spectra given by the DCPA peak at j = 2 for the dimer and at j = 1 for the trimer, and thus have smaller Stokes redshifts compared with the exact; Also, the energies of the lowest one-exciton states given by the DCPA are obviously higher than the exact ones. Figures 4(b) and 4(c) use two sets of equal Band S, for which the lowest oneexciton states are SPD states for both the dimer and the trimer. As in Fig. 4(a) , the variational method gives better fluorescence spectra than the DCPA. Unlike Fig. 4(a) , we notice a small difference between the spectra predicted by the variational method and theexact spectra; for example, in the case of dimer, while the variational method still predicts two equal highest peaks at j = S, and j = S, -1, the exact spectrum has a single highest peak at j = S,, indicating a small deviation from the Poisson distribution p, (S, ) . Figure 4(d) is for B = 5 and S = 10, for which the lowest oneexciton state for a given aggregate size N should be a LPD (small-polaron) state. However, in the case of dimer, the variational method incorrectly predicts that the lowest oneexciton state is a SPD state, whose fluorescence spectrum peaks at j = S, = 5 and j = S, -1 = 4. This is quite different from the exact fluorescence spectrum, which peaks at j = 8. The SPD (large-polaron) state given by the variational method has a higher energy, but its fluorescence spectrum is closer to the exact one (peaked at j = 10) than the SPD state with a lower energy. In the case of trimer, the lowest one-exciton state is a LPD (small-polaron) state as expected, and the fluorescence spectrum peaks at j = 10 and j = 9 (the exact spectrum peaks at j = 8). The fluorescence spectra given by the DCPA exhibit the Stokes shift only if we drop the first two emission components at j = 0 and j = 1. Proceeding from Fig. 4(a) to Fig. 4(d) , we note that the energies of the lowest one-exciton states and the fluorescence spectra given by the variational method become less accurate compared with those given by the exact method. This implies that the variational method works better in the largepolaron region.
In Figs. 5-8 we display the variational and DCPA fluorescence spectra for different aggregate sizes (up to N = 80). We observe the following features for a given set of parameters B and S. ( 1) As the size N of the molecular aggregate increases, the energy of the lowest one-exciton state first increases and then reaches a constant value at N=:20; both the variational method and the DCPA predict this feature. (2) In the large-polaron region (Figs. 5-7 ) the enve- lopes of the fluorescence spectra from both methods show a Stokes shift, which decreases as N increases; the magnitude of the Stokes shift is approximately S,,,w,, from the variational method. When N exceeds S (i.e., S, < 1 ), the relative intensity ratios of all inelastic emission components (i.e., j = 1,2,3,...) become constants, whereas the Rayleigh component (j = 0) becomes stronger compared with the remaining components. (3) In the small-polaron region (Fig. 8) , the envelope of the spectrum also exhibits a redshift; but it is independent of the aggregate size N (for the DCPA, this can only be seen if we exclude the emission components with j=Oandj= 1). Other energy states of the Hamiltonian H, (i.e., in the k th subspace) can be constructed based on the lowest energy state ]Yb"') of HA. We take the modified displaced phonon number states Ikj)= mz, 'Igi G, , q(jq~cqdN)Ikd (7.3) as approximate eigenstates of the Hamiltonian HA, where G, ( ,H,e) = e -(>',',,33 " '"g'"' (--j! ': ;)';;+:;;' . I=0 '( 7.4) The energy of such a state is found by taking the expectation value of the one-exciton Hamiltonian He, EiK' = (I;; jlHclk; j) = (k; jlHkI&; j)
VII. THE COMPLETE ONE-EXCITON SPECTRUM
which is simply a diagonal matrix element of H, on the displaced basis set. The complete expression of H,: in the displaced basis set is presented in Appendix B. In Eq. (7.5) R,Cj,j 1 =fiw,q,--+%B q!I, z(e-""q'N, j,, c$SN ) + C-C. , I (7.6) N. Lu and S. Mukamel: Polaron and size effects in optical line shapes where
Some of the properties of the Z function is given in Appendix B. When j = 0, we recover the wave function and energy of the lowest state of the Hamiltonian HL, p;o, = pp), (7.8) as can be seen by comparing Eqs. (7.3) and (A4a) with Eqs. (2.10) and (4.2); and Eli"' = E '"' 0 9 (7.9) as is evident by contrasting Eqs. (7.5), (7.6), and (B8a) with Eq. Using Eqs. (4.9), it is easy to see that E i::) = E rT,L J . When q#O or q# N/2 for even N, the degeneracy of such states is two, provided N>3. The functionf(x) = -cos x -u( 1 -2 cos x + cos 2x) has its minimum value -1 at x=Oifu<&oritsminimumvalue 1 -4uatx=nifu>$ Since the zeroth phonon mode does not enter into R, ( j , j ), we have c&S, < 4 for most SPD states. When N is large such that c:,S, < 4 and cos(2n/N) is close to 1, the second lowest states in the k = 0 subspace are those two states for which m,=lorm,-, = 1 but all other m, = 0. In general, we can show that the energy E \"' for the zero-momentum subspace is invariant under the interchange of all the pairs mq and mN _ q (q#O). Thus most of the energy levels in the zero-momentum subspace have twofold degeneracy when N>3. When we solve H, exactly by matrix diagonalization as we have done for a trimer (N = 3)) we find no degeneracy in the zero-momentum subspace. This indicates that the inclusion of the off-diagonal matrix elements of H,: in the displaced phonon number basis will remove the degeneracy between energies, e.g., E @ and EiyL -qj.
Equations (7.3) and (7.5) provide a complete basis and corresponding energies, which approximately diagonalize the one-exciton Hamiltonian H,. Using this basis set, we can calculate the optical spectra. The steady-state fluorescence spectrum has been studied in Sec. VI. In Sec. VIII we investi-gate another optical spectrum, the absorption spectrum, which shows the properties of various one-exciton states.
case for the SPD (large-polaron) states, then the absorption spectrum consists mainly of a single set of equally spaced peaks which form a blueshifted Poisson distribution.
VIII. ABSORPTION LINE SHAPES
The energies and oscillator strengths of one-exciton states, studied in Sec. VII, can be probed experimentally by the optical absorption from zero-exciton to one-exciton states. The absorption spectrum of a system under the excitation of a weak, cw electromagnetic field is given by4'
Recall that we have obtained in Eq. (7.3) the eigenfunctions of the one-exciton Hamiltonian H, by using the variational method. By noting that Il;m) = Ik;m')lm,,),, and (k = 0;O'l = (O;O'I, we obtain by using Eqs. where the second equality follows from the assumption that the equilibrium density operator pcq does not contain any population of one-exciton states. This is certainly true at zero temperature T = 0, at which the equilibrium density operator is simply peq = IO,, $9 a, $1. In Fig. 9 we display the absorption spectra of dimer (N = 2) and trimer (N = 3) using the variational method and the DCPA. We compare these results with the results of the exact matrix diagonalization. The actual matrix diagonalization for calculating the absorption spectrum is the same as that for calculating the fluorescence spectrum: i.e., we choose the same basis set as for the fluorescence spectrum. We use the same four sets of parameters B and S as in Fig. 4 for the fluorescence spectrum. Absorption spectrum also gives the information about the energy of the lowest oneexciton state, which we have described in Sec. VI. Figure  9 (a) is plotted for B = 20 and S = 10, for which the lowest one-exciton state lulh':') is a SPD (large-polaron) state for both dimer and trimer. The absorption spectrum predicted by the variational method is very close to the exact; each of them has the highest emission peaks at both j,, = 5 and j o = 4 in the case of dimer and at j o = 3 in the case of trimer [see Eq. (8.5) 1. Consequently, the absorption spectra also obey the Poisson distribution p,,, (S,), which peaks at j o = S,v andj o = S, -1 ifs, is an integer, or atj o = [S, ] ifs, is not an integer. However, the absorption spectra given by the DCPA are quite different from the exact. Figures 9(b) and 9(c) are for B = S = 10 and B = S = 20, respectively, for each of which the lowest one-exciton states are SPD states for both the dimer and trimer. As in Fig. 9(a) , the variational method gives better absorption spectra than the DCPA, as can be seen by comparing with the exact ab- When the absorption peak for the lowest one-exciton state is too weak to be seen, we use an arrow to indicate its sorption spectra. Figure 9 (d) is for B = 5 and S = 10. In the case of dimer, it seems that both the energy and the absorption spectrum suggest that it is in a SPD state. In the case of trimer, the lowest one-exciton state is an LPD (small-polaron) state as expected, but it leads to a less satisfactory absorption spectrum than a SPD state with a higher energy. This means that the variational method is not very accurate for the absorption spectrum in the small-polaron region. Comparing Figs. 9 with Figs. 4, we see that the variational method is more adequate for the fluorescence spectrum than for the absorption spectrum. In Figs. 10-13 we display the variational and DCPA absorption spectra for different aggregate sizes (up to N = 80). We observe the following features for a fixed set of parameters B and S. ( 1) In the large-polaron region ) the envelopes of the absorption spectrum from both methods show a blueshift, which decreases as N increases; The amount of the blueshift is approximately S,o, from the variational method. (2) The oscillator strength of the oneexciton states shifts towards the lowest one-exciton state (zero-displaced-phonon state) as the size Nincreases. Those states with one or two displaced phonons carry the rest of the oscillator strength of the system.
IX. CONCLUSIONS
In this paper we have studied the exciton-phonon interaction in one-dimensional, cyclic molecular aggregates and its manifestation in optical spectra. We found that the Hilbert space of the one-exciton states of an N-molecule aggregate can be decomposed into Nsubspaces. The eigenstates of the one-exciton Hamiltonian H, are always delocalized with respect to the electronic excitation. This is different from the lowest one-exciton state obtained by Holstein. In the case of the nearest-neighboring exciton coupling and the Einstein phonons, the zero-momentum phonon mode is decoupled from the rest of phonon modes and exciton states. This gives rise to a Stokes shift o,J/N, where w,J is the lattice relaxation energy. Assuming that each phonon mode is in a coherent state, we find the lowest state in each of N momentum subspaces variationally and construct a set of orthonormal basis which approximately diagonalizes the Hamiltonian H, for the one-exciton case. We find that the energy of the lowest one-exciton state increases with the size Nof the molecular aggregates. The coherent-state assumption for the phonon modes works very well for the SPD (large-polaron) states but less so for the LPD (small-polaron) states. The lowest one-exciton state postulated by Toyozawa is a special case of our trial state, and has a higher energy than our trial state. We calculated the absorption and emission spectra of molecular aggregates and find an S/N rule of the Stokes shifts for both absorption and emission spectra in the case of large polaron. For the dimer and the trimer, we also calculated the emission and absorption spectra using exact matrix diagonalization. We find that the fluorescence and absorp- tion spectra using exact matrix diagonalization. We find that the fluorescence and absorption spectra obtained variationally are in good agreement with those obtained exactly in the region of S<B (i.e., in the large-polaron region). We also calculated the fluorescence and absorption spectra of the aggregates by using the DCPA, and found that it reproduces the qualitative features of the spectrum but is less accurate than the variational method for large polarons. 
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